
Ergodic Theory and Measured Group Theory
Lecture 18

Isomorphism and classification
.

Recall tht two actions PÑCX
, d)

I TÑ(Y
,
v1 of a semigroup P are called isomorphic if

if 3- measure- preserving F-equivariant map IT : ✗→ Y wt

is an almost- injection , i. e.
manure- preserving : Ñ*9=v , i. particular IT is almost-say:
T- equivariant : Np 01T = To I ,

- almost- injection : 3- conall ✗
'

c- ✗ sit
. 11-1×1 is 1-1 .

What is classification ? Given clan ✗ of objects I aueg .
relation E on ✗

,
we would like to

✗

#T'g•R
E-clones #•
→

Def
. let ✗ be standard Borel space I let E be a- equiv.

rel . on X
. This E is called concretely classifiable or smooth



if 3- Morel
map
I:X → IR (any other Polish space) set

.

ltx
,
✗
'

C-✗
,

✗ Ex ' (=3 11-1×1=11-1×1) . Ia other words
,

"=) " says
ht it descends to Ñ HE → IR

,

"
↳

"

says tht
I is injective

,
$0 IT : HE Cs IR .

To apply this definition
,
we need to first encode the actions

in 14,91 into a st
. hard space (different for each

P)
.

let 's first do so for F- I I pmp adieus 274,1) .
Wloh

,
restrict attention to the care where his nonaheaic

,

10 (Hh) Iaeasure ¢9B , H , so we can e-code only alias

on a fixed IX
,
M) . The 2-actions on IX.9) are identified

with m.p . automorphisms of IX.4) .

Def
.
let ALU) denote the

group
of up, automorphisms

T : ✗ → X of N ( T is an ison
.
(X
,
M) →Gif)

,

here we identify T IT ' if they differ on a natl

sit
,
i.e. T=rT !

Claim
.
For my

1- c- Ant (9)
,
there is another T ' c- Antley

F-out
' sit

.

T
'
:X → ✗ is a bijection .



Preet . let ✗ • be a conall borel at it . Tlx
.

is 1-1
.

Then [ ✗Hit - UT
" 1×1×0) is still null so

X, := ✗ 11×1✗ if i ,

"

Invariant d T is Hoa it
,

hen TIX ,) -- Xi .

For ay T,
T '
c- AHH

,
TET

'
<⇒ I was .-isou.IT:(49)→

→ 4,4 it . T.IT = Hot
'

<⇒ Fit c-Auto) IoT'ñIT
<=3 T IT

'
are conjugate .

So we translated the isomorphism relation d- pop action at

I to the conjugacy relation in Antal .

We equip Anton with a Polish topology making it a
Polish group .

strong topology . I
'
II,H:=M / ✗ EX : Titty } is a metric

,

chick defines a couple telg metrizable top. a
AIM .

Indeed
,
the metric dltyiz ) :

-

- dit"Td+dÉÑ)
it complete d inches the sac topology . But the etric

d ' has the advantage at being left I riyfh iivaniact:
all Taos

,
Taos) = d ' It

,
.li/--d'lsoT,

,
S.ie) .



the downside of this topology is that it's too fine : it is
not separable .

Weak topology . Far end Karel A- c- X
,
data
,
E)⇐ 91T,AAIAI

.

This is a pseudo -metric . he weikhopohgg on

Atlin) is the one generated by all these da , d- c- BAD,
i. e. generated h

,
sets Balt. ,r) : = { TEA-Hoy : dalt,Tom.

Thus
,
Tu → weakly T 2--3 KAEBCX)

,
daltn
,
T) → 0

.

Prop .
the strong hep . is metrizable with d- IT

. ,tz) : - sup
A- c-BIGdak,

,
Tn) .

But the weak topology too is wynktelg metrizable :
di / T.fr) : = £ 2-" dault, , Ed , here llkkc.cn is

u = 1

a dbl generating algebra of Boel sets
. .

Then this is

a compatible metric with the weak hop at it has

ankle lesion: dwlt ,,N:= DIII , tilt dtlti, Ii).
the weak topology is separable : the sat at dyadic
permutations i. dense

.



Dyadic perwtiatieu . let ✗ = 21N
.

T:X →✗ is a dyadic
permutation if 7- new d a permutation
or of 2

" s.t.lt WE 2 " I ✗ C- 2N
,

Tlwx) = rcw)✗ . In other words
, thinking

µ
of ✗ = so

,
D
,
T is a

"ptermutatieu of

µ µ
the intervals vik dyadic eadpoiits .

•#Ñ•A
. u=3 by story bort : AHH uh

the weak topology is a Polish snap .
Recall tht iron of pup actions of 2

T→ is the sane as the
conjugacy rel.

~

on Antti) . Now we can ask : is ~

concretely cknifiabk ?

Obs . If an eq.net . E on a st
. Bond space ✗ is smooth

,

then E
,
as a subset of X'

,
is Borel

.

Proof
. let it : ✗ → 42 be witnessing smoothness

.

Then

it
,
:X
"
→ 1122 by ↳ g) MITCH, Ily )) is Borel being

a composition of Buel maps, I Iti't =,§=E ,
then =y:= fly ,g) :

y EY} , so E is Boel .



Question ( von Neumann) . Is ~ on Ant (f) concretely
damitiuble ?

Answer ( Rodulph - Foreman- Weiss) . No
,
in fact ~ relation

is not Borel ( even restricted to a subgroup of
Antti) of ergodic automorphisms

,
which is a Gr subset .

Remarks
. (a) A generic 1- c- Awful is ergodic , more precisely,

the set of ergodic T is dense Cd ⇒ courage.

(b) It is still possible tht if u restrict to a

smaller ( meager) sublet at Anton)
,
~ is

smooth on that set
.


